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BEURLING'S THEOREM AND LP - 13 MORGAN'S THEOREM FOR STEP TWO NILPOTENT 

LIE GROUPS 

SANJAY PARUI AND RUDRA R SARKAR 

Abstract. We prove Beurling's theorem and LP - L q Morgan's theorem for step two nilpotent Lie groups. These two 
theorems together imply a group of uncertainty theorems. 



1. Introduction 

Roughly speaking the Uncertainty Principle says that "A nonzero function / and its Fourier transform f 
cannot be sharply localized simultaneously". There are several ways of measuring localization of a function 
and depending on it one can formulate different versions of qualitative uncertainty principle (QUP). The most 
remarkable result in this genre in recent times is due to Hormander [13] where decay has been measured in terms 
of a single integral estimate involving / and /. 

Theorem 1.1. (Hormander 1991) Let f e L 2 (R) be such that 



\f{x)\\f(y)\e^dxdy< 



Then f — almost everywhere. 



Hormander attributes this theorem to A. Beurling. The above theorem of Hormander was further generalized 
by Bonami et al [7] which also accommodates the optimal point of this trade-off between the function and its 
Fourier transform: 



Theorem 1.2. Let f e L 2 (R") be such that 

l/(*)ll/Cy)k 



-dx dy < oo 



v (1 + \x\ + \ y \r 

for some N > 0. Then f — almost everywhere whenever N < n. If N > n, then f(x) - P(x)e _a ' jr ' 2 where P is a 
polynomial with deg P < ^ ~ n ' and a > 0. 

Following Hormander we will refer to the theorem above simply as Beurling's theorem. 

This theorem is described as master theorem by some authors as theorems of Hardy, Cowling-Price and some 
versions of Morgan's as well as LP - L q Morgan's follow from it. (See Theorem 2.1 for precise statements of 
these theorems.) 

There is some misunderstanding regarding the implication of Beurling's theorem. However it was observed 
by Bonami et. al. ([7]) that Beurling's theorem does not imply Morgan's theorem in its sharpest form. Indeed 
Beurling's theorem (Theorem 1.2) together with LP - L q Morgan's theorem (Theorem 2.1 (v)) can claim to be 
the master theorem. We can summarize the relations between these theorems on W in the following diagram. 

=> Hardy's Morgan's <= 

Beurling's ft | ft LP - L 9 Morgan's 

=> Cowling-Price | Gelfand-Shilov <= 
The aim of this paper is to prove analogues of Beurling's theorem and LP - L q Morgan's theorem (Theorem 
1.2, Theorem 2.1 (case v)) for the step two nilpotent Lie groups. It is clear from the diagram that all other 



'The first author is supported by a research fellowship of National Board for Higher Mathematics, India. 
2000 Mathematics Subject Classification. 22E30, 43A80. 

Key words and phrases. Uncertainty principle, Beurling's theorem, Morgan's theorem, Nilpotent Lie groups. 

1 



2 



PARUI AND SARKAR 



theorems mentioned above follow from these two theorems. Note that the diagram above remains unchanged 
when R" is substituted by the step two nilpotent Lie groups. 

For the convenience of the presentation and easy readability we will first deal with the special case of the 
Heisenberg groups and then extend the argument for general step two nilpotent Lie groups. The organization of 
the paper is as follows. In section 2 we prove modified versions of Theorem 1.2 and Theorem 2.1 for R" which 
are important steps towards proving those theorems for the class of groups mentioned above. In section 3 we 
establish the preliminaries of the Heisenberg group and prove the two theorems for this group. In section 4 we put 
the required preliminaries for general step two nilpotent Lie groups. Finally in section 5 we prove the analogues 
of Beurling's and LP - L 9 -Morgan's theorems for step two nilpotent groups. We indicate how the other theorems 
of this genre follow from those two theorems. We also show the necessity and sharpness of the estimates used in 
the two theorems. 

Some of the other theorems, which follow from Beurling's and LP - L 9 -Morgan's (Hardy's and Cowling-Price 
to be more specific) were proved independently on Heisenberg groups or nilpotent Lie groups in recent years by 
many authors (see [1, 3, 4, 5, 14, 17] etc.). However we may note that these theorems were proved under some 
restrictions. But as corollaries of the Beurling's and LP - L 9 -Morgan's theorem we get exact analogues of these 
theorems. We include a precise comparison with the earlier results in the last section. For a general survey on 
uncertainty principles on different groups we refer to [11, 20]. 

Acknowledgement: We thank the referee for many suggestions and criticisms which improved the exposition. 

2. Euclidean Spaces 
We can state a group of uncertainty principles in a compact form as follows: 

Theorem 2.1. Let f be a measurable function on R. Suppose for some a, b > 0, p, q e [l,oo], a > 2 and /3 > 
with 1/a + 1/fS — 1, / satisfies 

e a\x\y g L p (R) ande b\yff e L ? (R) . 

If moreover 

(2.1) (aa) 1/a (bp) W > (sin ^(fi - 

then f — almost everywhere. 
The case 

(i) a - j3 -2 and p = q = oo is Hardy's theorem. 

(ii) a = p = 2 is Cowling-Price theorem. 

(iii) a > 2, p = q = cois Morgan's theorem. 

(iv) a > 2 and p = q = 1 is Gelfand-Shilov theorem. 

(v) a > 2, p,q € [1, oo] is LP - L q Morgan's theorem. 

This theorem has ready generalization for R" where by \x\ we mean the Euclidean norm of x. 

It is clear that we have two separate sets of results in the theorem above namely the cases (i) and (ii) where 
a - 2 and cases (iii), (iv), (v) where a > 2. Note that for the first set, condition (2.1) reduces to ab > 1/4. Back 
in 1934 Morgan [15] observed that at the optimal point of (2.1) these two sets behave differently. To emphasize 
this we consider cases (i) and (iii) of Theorem 2.1 as representatives of the two sets of results. It is known 
that when (aa) 1/a (b/3) l/ P = (sin |(jS - l)) 1 ^ then in case (i) above / is a constant multiple of the Gaussian. In 
great contrast (see [15]) there are uncountably many functions which satisfy the estimates in case (iii) when 
{aa) lla {bp) ll P = (sin f (J3 - l)) 1 ^. 
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2.1. Modified version of the Beurling's theorem: We will state and prove a modified version of Theorem 1 .2. 
We need the following preparations. Let 5" _1 denote the unit sphere in R". For a suitable function g on R", the 
Radon transform Rg is a function on S"^ 1 x R, defined by 



(2.2) Rg(oj,r) = R u g(r) = f g{x)da x , 

Jx-aj=r 

where do~ x denotes the (n - 1 )-dimensional Lebesgue measure on the hyperplane x ■ oj = r and x ■ oj is the canonical 
inner product of x and at, i.e., x.a> — YJl=\ x i a> i- Note that when g e L'(R"), then for any fixed to e S"~ l , Rg(u>, r) 
exists for almost every eel and is an L 1 -function on R. It is also well known that (See [10], p. 185.) 

(2.3) R^g(A) = g(Aco). 

UerelQ(A) = R„g(r)e- Ur dr and^w) = J R „ g(x)e~ ix ^dx. 
We also need the following lemma: 

2 2 

Lemma 2.2. Let f\{x) — P\ {x)e " lX andf 2 (x) = P 2 {x)e aiX be two functions on R where P\, P 2 are polynomials 
and ct\ , a 2 are positive constants. Suppose that 

< oo 



T f f \fi(x)\\f2(y)\e^Q(y) J 

h = ii (TTRTbT dxdy 



and 

\f2(x)\\fi(y)\e^Q(y) 



-n 

JR JR 



dxdy < oo 



(1 + W + |y|) w 

vv/zere A' is a positive integer and Q is a polynomial. Then a\ = a 2 . 

Proof. We note that f\(y) = Qi(y)e ia ^' and f 2 (y) = Qi(y)e 4 "2 where Q\ and Q 2 are polynomials with 
deg Q\ = deg Pi and deg Q 2 = degP 2 . Then 



// 

JR JR 



(TTRTbT 

e -(^-^^ e a-^)Wbi 6(y)/ , i (j)62(y) 

ax cry. 



R JR 



(1 + W + lyl)^ 



Similarly we get 



72 = JJ R (TtrtmF ^ 

We fix an e > and consider the set A e = {(*,y) e R 2 | | a/o'iM _ "^Ml - e )> which is clearly of infinite measure 
Lebesgue measure. 

If we assume that a\ < a 2 , then < 1 and hence there exists a M > such that the integrand in I\ is greater 
than M on the strip A e . Therefore I\ = oo. This contradicts the hypothesis that I\ < oo. Similarly if we assume 
that a 2 < a\, then I 2 = oo. This completes the proof. □ 

With this preparation we will now prove the following modified Beurling's theorem for R". 
Theorem 2.3. Suppose f e L 2 (R"). Let for some 5 > 

(2.4) rr^w, dy< ^ 

Jr. Jr- (1 + W + W * 
w/?ere g is fl polynomial of degree m. Then f(x) = P(x)e~ a ^ for some a > ami polynomial P with degP < 
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Proof. Step 0: As / is not identically zero and as Q is a polynomial, the product l/OOIIGOOl' 5 is different from 
zero on a set of positive measure. Therefore we can assume that for some yo e R", 

l/(*)k NN , 

-dx < oo. 

r (1 + \x\ + \y \) d 

As / e L 2 (R"), it is a locally integrable function on R" and hence for any < r < \yo\, JT \f(x)\e r ^dx < oo. This 

shows in particular that / e L 1 (R"). Indeed for the exponential weight e lyol|x| it is easy to see that / is holomorphic 
in a tubular neighbourhood in C" around R". 

In (2.4) we use polar coordinates for y, to see that there exists a subset S of S"^ 1 with full surface measure 
such that for every cj 2 e S , 

(2.5) -, ds dx < oo. 

JrJr (l + |x| + M) rf 

In view of (2.3) this is the same as for every oj 2 e S , 

f r \m\\R^f(s)\\s\"- l \Q(soj 2 )\e w ^ A 

(2.6) — — — — — dsdx< oo. 

J R „ J R (i + \ X \ + \ s \y 

Step 1: In this step we will show that for any a>\ e S"' 1 and lo 2 e S , 

r r ^,i/i(r)iC?(^)ii^r 1 i6(^)k MN , , 

(2.7) I I ds dr < oo. 

JrJr (1 + M + W 

We will break the above integral into the following three parts and show that each part is finite. That is we 
will show: 

(i) 

f f R(\f\)(co u r)\R^(s)\e^M n - 1 \Q(soj 2 )\ , , 

I I ds dr < oo 

JrX\>l (l + \r\ + \s\y 

for L > such that L 2 + L> d. 

(ii) 

/?(|/|)( Wl ,r)iO(*)k |r||s| kr 1 12(^2)1 



/ / 

J|r|>M Jul; 



i|r|>MJ|*|<L (1 + V\ + \s\) d 

for M = 2(L + 1) and L as in (i). 

(iii) 

R(\f\)(^i,r)\lQf(s)\e»%\ n - l \Q(sco 2 )\ 



I I 

J\r\<M Jul; 



<fs dr < co 



ds dr < co 



K\<mJ\s\<l (l + \r\ + \s\) d 

for M, L used in (i) and (ii). 
Proof of (i): It is given that L + L 2 > d. We will show that for any s such that |s| > L, 



(2.8) 



e |j||<*,&)i)| 



(l + |jc| + \s\) d - (1 + |<jcwi>| + M)"" 

„2 



Let F(z) = (1+ e g+z y for a > and a + a 2 > d. Then F'(z) > for any z > 0. Therefore, if zi > z 2 > 0, then 
(2.9) 



(l+or + zi) d (l+a + z 2 )< r 

Note that \x\ > \{x, u)i)\ for all x e R" and o>i e S 1 " -1 . Now take z\ = \x\ and z 2 = \{x, cj\)\. Then z\>z 2 > 0. We 
take a = \s\ > Lto get (2.8). 

We start now from (2.6) and break it up as: 

(2.io) r r r i/wi^O(^ wi ^r;ig(^)i rfJ ^ * < 
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where dcr\ denotes the Lebesgue measure on the hyper plane {x : x ■ u)\ = r). We use the inequality (2.8) to 
obtain: 

r \m\\^(s)W<^M"- i \Q( Sl o 2 )\ 

I -. as dcri dr < oo. 

) xm =rJ\s\>L (\+\{x,ux)\ + \s\) d 

Now we put {x, oj\) = r in the above integral and use the definition of Radon transform to obtain, 



(2,12) ds dr < oo. 



This proves (i). 
Proof of (ii): Let 

It is clear that, 



M >L (1 + \A + \s\y 



-/ / 

J\r\>M Jul 



H>mJui<l (1 + |r| + 

f 

Jkl= 

C f f ^do- ld r 

J\r\>M Jx-o^r U + M)" 



" " i|r|>M d+H) J 



= C/3,say. 

We will show that 7 3 is finite for M = 2(L + 1). 

We have already observed that / is real analytic on R" and hence f (y) + for almost every y e R". Therefore, 
from (2.6) we can get as el with |s | > 2L such that: 

\f( x )\ e MM 



f 



k„ (i + ixi + \s \) d 

That is, 

\f( x )\ e MM 



dx < oo. 



do~i dr < oo. 

T (1 + \x\ + \s \) d 

Notice that |sol + kol 2 > d, since |sol > 2L and L + L 2 > d. Now applying the argument of case (i) (see (2.9)) to 
| s 1 we get: 

J*l|Jol J<*,"i>l|sol 



as \(x, a)i)\ < \x\. Therefore, 



(l + \x\ + \s Q \) d ~ (l + Kx, Wl >| + |s |) d 

r r i/wk'*'' A 

I I j do~\ dr 

JM>Af J*. Wl =r(l + M + kolr 

r r | /(x) | e K^.>ii^oi 

< -j ao"! dr < oo 

(l + |<x, W i)| + |sol) d 

from the above observation. Note that M + M 2 > d as M = 2(L +1) and L + L 2 > d. Applying the argument of 
case (i) again (see (2.9)) this time with a = \r\ > M and z\ = \sq\,zi = 2L we get, 



> 



(l + \s \ + \r\y (l+2L + |r|)" 

Therefore, 

2h\r\ 

< oo. 



r r \f(x)\e 2 ^ 

1 do~\ dr 

\\>M J x - m =r (1 + M + 2L) d 

f f ^^dr 



From this it is easy to see that 

< oo 
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and hence, h < 00. This completes the proof of (ii). 

Proof of (iii): As the domain [-M, M] x [-L, L] is compact and as 

\lQf( S )\e^\sr l \Q(soj 2 )\ 
(l + \r\ + \s\) d 



is continuous in this domain, the integral is bounded by C j_ M R\f\(a>\ , r)dr. Now recall that / e L l (R"). There- 
fore, 



J-M 



M 

RlMoJu^dr < I R\f\(co u r)dr 



= f f \m\dcrdr 

JR J x-o)\=r 



(2.13) = \f{x)\dx<co. 

Thus from (i), (ii) and (iii) we obtain (2.7). This completes step 1. 

Step 2: Using \R a f{r)\ < RJ\f\{r) we see from (2.7) that for almost every a> e S 



n-l 



(2.14) — — — — ; dr ds < 00. 

JrJr (l + \r\ + \s\) d 

Now as for fixed ca, \s\ n ^ 1 \Q(sa))\ s is a proper map in s and as R u f as well as R u f are locally integrable functions 

2 

we can apply the 1 -dimensional case of Theorem 1.2 to conclude that R^fir) = A u {f)e ar , for some polynomial 
A w which depends on a> with deg A w < ° L " |5 ~" and a is a positive constant. A priori, a also should depend on a>. 
But we will see below that a is actually independent of a>. It is clear that Ruf(s) = P bJ (s)e^'^ s2 , where deg P u is 
same as degA w . Consider a>\, a>2 e S with co\ + (±>2 for which R Wl , R^ satisfy (2.7). From the argument above 

2 1 -2 

it follows that R^f{ r) = A Wl (r)e air and R^fis) = P W2 (s)e ^ for some positive constants a l ,a 2 - Therefore 

1 2 

by Lemma 2.2, a\ = a 2 = a, say and Raif(s) = P LJ {s)e^^ s 



Step 3: We will show that P a {s) = P(sto) is a polynomial in sco, that is P is a polynomial in W. We recall that 
Rajf(s) = f {sLo) is a holomorphic function in a neighbourhood around (see Step 0). We can write P w (s) = 
f (sa))e^ s = /(sw)e = F(sa>), say. 

We write F(sco) = 2* =0 aj(a>)s j , where k = max degP w < ±^>. Then for j = 0, 1, . . . , k 



1 dJ by ^ 
- —F(su) 

j\ dsJ 



= aj(co). 



n-l 



The left hand side is the restriction of a homogenous polynomial of degree j to S n . Therefore F(scj) is a 
polynomial of degree < k in R". Therefore f(x) = P(x)e~^ , where deg/ 5 < 



d-m5-n 



2.2. Modified version of the LP - L q Morgan's theorem. We will state and prove a modified version of LP - L q 
Morgan's theorem on R". 

Theorem 2.4. Let f be a measurable function on R". Suppose for some a, b > 0, p, q e [1, 00], a > 2 and [5 with 
I /a + 1//? = 1, / satisfies the following conditions: 

(i) J R „ eP"W"\f(x)\P dx < 00, 

(ii) f e qb ^\f(y)\ q \Q(y)\ s dy < 00, where Q(y) is a polynomial in y of degree k and 6 > 0. 

//(aa) 1/c W) 1//J > (sin §(/?- l)) 1 ^ then f = almost everywhere. Lfiaa^^ibp) 1 ^ = (sin §(/?- l)) 1 ^ then there 
are infinitely many linearly independent functions which satisfy (i) and (ii). 
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Proof. First we will see that the theorem is true for n = 1 . From the hypothesis (i) it is clear that / e L 1 (R) and 
hence / is continuous. Also as I2O0I" 5 is a proper map, we immediately get 



f. 

Jr 



°« b ^\f(y)\« dy < oo. 

That is, / satisfies all the hypothesis of Theorem 2. 1 case (v) and hence the theorem for n — 1 follows. 



Now we assume that n > 2. Let us consider the case p = q = 1 for the sake of simplicity. For each co € s n 1 
(2.15) f e aW \RJ(r)\dr < [ e aW RJf\(r) dr 

R 



\f(x)\dcrdr 
e aM "\f(x)\do-dr 



x-u=r 
R *Jx-oj=r 

e aM "\f(x)\ dx < oo. 



JR" 

Here dcr denotes the measure on the hyperplane [x : x ■ a> = r). Using the polar coordinates we get 

e b ^\RZf{r)\\rr l \Q{roS)\ s dcodr 

s ,-i 



Jr Js" 



e bVf \f(roS)\\r\ n - l \Q{ru)\ 5 du dr 



;r js"- 1 

e blyf \f(j)\\Q(y)fdy < co. 

R» 

Hence almost every w e S" 4 

(2.16) f e b ^\RJ{r)\\r\ n - l \Q{rio)\ s dr = f e h ^\f{ru)\\r\ n - l \Q{roj)\ 5 dr < oo. 

Jr Jr 

We can now apply the one-dimensional case of the theorem proved above to the function R u f to conclude that 

for almost every u e S n ~\ RJ'ir) = J(roS) = whenever (aa) lla (bp) 1113 > (sin §(£ - 1)) 1//J and hence / = 

almost everywhere. 

Given a,b > with (aa) lla {b[i) li P > (sin f(/3 - 1)) 1//J we can always choose a' < a, b' < b such that 
(a'a) l/a (b'(3) 1//s > (sin|(y8 - l)) 1//? . If /?,^ > 1, using Holder inequality together with the given hypothesis 
we get 

f e a '^\f(x)\ dx < oo and f e b '^\f(y)\\Q(y)f dy < oo. 
Jr" Jr" 
Hence the first part of the theorem follows. 

For the last part: Let us define the function / by 



f{x) = -i J zV'-^W 2 dz 



where q = A a = \{{a - 2)a) 2 , v = 2 ^ 2) a , m e R and C is a path lies in the half plane 3z > 0, and goes to 
infinity, in the directions 6 = argz = +0 O , where jq < O < \ti. Then Ayadi et al. [2] shows with the help of 
Morgan's [15] method that 

(2.17) / = 0(\x\ m e- aM ") and / = 0(\yf e^), where m' = ^ + " (2 ~ °° - ■ 

(2ff - 2) 

We will apply this result to construct functions satisfying the equality cases of the hypothesis. Assume that the 
degree of the polynomial Q is k. 

For p = oo, q = oo, we choose m' so that m' + kS < and m = 2m ( ^^ ) < equivalently we choose 
m' < min{-M, -|(2 -/?)) and construct a function / satisfying (2.17). This / will satisfy both the hypothesis. 
If p ^ oo,g = oo we choose m! satisfying m! + kS < and m = lm ^ { ^ 1 f ) < —j which holds if and only if 
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m' < mm{-k6, ~(fi - 1) - f (2 - /?)} and construct the required function. For p + oo and q + oo we have to 
choose m' < min{-^, -f(J3 - 1) - f (2 -/?)}. □ 

3. Heisenberg groups 

Main results in this section are analogues of Theorem 1.2 and Theorem 2.1 (v) for the Heisenberg groups. 
Let us first recall some basic facts of the Heisenberg groups. The n-dimensional Heisenberg group H" is C" X R 
equipped with the following group law 

(z, OO, s) = (z + w, t + s + ^(z.w)), 

where 3(z) is the imaginary part of z e C. For each A e R \ {0} there exists an irreducible unitary representation 
n A realized on L 2 (R") given by 

for (j) 6 L 2 (R") and z = x + iy. These are all the infinite dimensional irreducible unitary representations of H" up 
to unitary equivalence. For / e L x (H n ), its group Fourier transform f(A) is defined by 



(3.1) f(A)= f(z,t)n A (z,t)dzdt. 

We define n A (z) = n A (z, 0) so that n A (z, t) = e iA 'n A (z, 0). For / e L l (G n ), we define the bounded operator W A (f) 
on L 2 (R") by 



(3.2) W A (f)<p= f(z)n A (z)4> dz . 



It is clear that \\W A (f)\\ < \\f\h and for / e L l {C) n L 2 (C"), it can be shown that W A (f) is an Hilbert-Schmidt 
operator and we have the Plancherel theorem 



(3.3) \\W A (f)\\ z m = (2n) n \Ar \f(z)\ 2 dz. 



= (2nT\A\- n [ 



Thus W A is an isometric isomorphism between L 2 (C") and S2, the Hilbert space of all Hilbert-Schmidt operators 
on L 2 (R"). This W A (f) is known as the Weyl transform off. For / e L l (H"), let 



f(z)= e a 'f(z,t)dt 

xj —OO 

be the inverse Fourier transform of / in the f-variable. Then from the definition of f (A), it follows that f (A) = 
W A (f A ). For A = 1 we define W(z) = W\(z). For x e R and keN, the polynomial H^x) of degree k is defined by 
the formula 

(3.4) H k (x) = (-l)^^(e- 2 ). 

We define the Hermite function %(x) by 

h k {x) = {2 k k\yftT ll2 H k {x)e-i . 
For /i = (//!,•• • ,//„)£ N", the normalized Hermite function O yU (x) on R" is defined by 

(3.5) %(x) = h Ml (xi) ■ --h^ixn). 

Hermite functions are eigenfunctions of the Hermite operator H = -A + \x\ 2 and they form an orthonormal basis 
for L 2 (R"). Here A is the Laplacian on R". For /i, v e N", the special Hermite function O^v is defined by 

(3.6) <V(z) = (2*)-i(W(z)aV,<D v ). 

These functions form an orthonormal basis for L 2 (C") and they are expressible in terms of Laguerre functions. 
For a detailed account of Hermite and special Hermite functions we refer to [19]. 



With this preparation we will now prove a version of Theorem 1 .2 for H n . 
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Theorem 3.1. Suppose f € L 2 (H") and for some M, N > 0, it satisfies 



II 

Jh" Jr 



\f{z,t)\WM\H S e m 

H« J R (l+k|) M (l+|f| + W) A 



Then f(z,t) = e- ar (l + \z\)' 



(m \ 



f dA dz dt < oo. 



where if/j e L Z (C") andm < ^"f" 1 . 



Proof. As in the case of R", it can be verified that / is integrable in t- variable for almost every z- For each pair 
((f>, if/), where (f>, if/ e L 2 (R") we consider the function 



= (2*)"* f f(z, 



t){\ + \z\r M (w(z)w)dz. 



Then it follows that 
(3.7) 



\F (m {A)\ = (2 



nY'i I f 
Uc" 



r"(z)(i + ki)- M (w(z)0^)^ 



< c[jjr\z)\ 2 dz^ 

= ci^r /2 ii/(-^)ii H s. 



1/2 



Therefore, from the hypothesis we have 



l*W)(0ll*W) {X)\e m W 2 



dtdA 



Jh* Jr (1 + \z\) M (1 + \t\ + \A\f 



< CO. 



(i + \ t \ + iAir 
(i + ki) M (i + ifi + wr 

Now applying Theorem 2.3 to the function F^) with 5 = n/2 we have F^)(t) = P(,f,^)(t)e~ a ^'^ , where P(^) 
is a polynomial with deg < N ^ n ^ 1 , Keeping ^ fixed, it can be shown that a(<f>, if/) = a(i[r) is independent of 
(p. Similarly keeping <f> fixed, we can show that a((f>, if/) = a(if/) = a is independent of (<f>, if/). We recall that 
\^> a ,p ■ ®,P £ N") forms an orthonormal basis for L 2 (C). Now we take (f> = <£> ff and i/r = <£>g. Let F ttJ g = F(q, a &) 
and = P(<s> a ,<s> fi y Since for each f e R, (1 + | • |)~ M /(-,0 e L 2 (C"), the sequence {P^CO) e I 2 for all f. We 

write P aJ }(t) = 2 aj(a,/3)t j , m < jv ~" /2 ~ 1 . Choose f ; e R such that r ; * fy, for all < i,j < m. We consider a 

system of linear equations given by: 



1 


to ■ 


t m \ 


( {a a {a,p)} \ 






1 


h ■ 




iai(a,/3)} 






1 


tin 




, {a m (a,p)\ , 




V {Pafi(tm)} ) 



Since f, + tj for all i + j, the determinant of the (m + 1) x (m + 1) Vandermonde matrix is nonzero. Therefore, 
{aj(a,P)) will be a linear combination of members from {{P a fi{tj)} ■ < j < m] and hence (o^ar,/?)} e / 2 for 
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each < j < m. With this observation we can write 



d + \z\r M f(z,t) = 



2^(0®<^(Z) 



2 Y^ajia^y 



\ \ 



Vj=0 



V 7=0 V ffjS 

\j=o 



where ^(-) = 2 afafipajk) 6 l2 ( C ") ■ 



We will conclude this section by proving the following analogue of LP - L q Morgan's theorem for H' 
Theorem 3.2. Suppose a function f e L?(H n ) satisfies 



,pa\(z,t)\' 



\f(z, t)\ p dzdt<oo and 



(ii) f R e"^\\f(A)\\ q HS \A\"dA <oo 



where p,q& [1, oo], a,b > 0, a > 2, > and ^ + ^ = 1. 

If(aa) 1/a (b/3) w > (sin §03 - fnen / = a/mart everywhere. fi M f if {aa) Va {bP) vls = (sin f 08 
f/ien f/iere are infinitely many functions on H" satisfying (i) ant/ (ii). 

Proo/ First we note that / e L l {H n ). We can choose a' <a,b' <b such that {a'a) lla {b'P) llp > (sin |(/3 
and use Holder's inequality to show 

(i) ' S Hn e a '^"\f{z,i)\dzdt<oo 

(ii) ' ^/'^\\f{A)\\ H& \A\ n l 2 dA<^. 

For each (ju, v) e N" X N", we define the auxiliary function 



F ft , v (t)= f f(z,t)%Az) dz. 
Jc 



Using (/)' we have 



e a '^\F^{t)\ dt 



e a '^\f(z,t)\\%Az)\dz 



Jr Jc 
< oo. 
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On the other hand using (if)' and the Plancherel formula for the Weyl transform we have 

e bVf \F^ v (A)\ dA 



fe»'^\ f 
Jr Jo 



r\z)%Az) dz\dA 

C" 

< C [ e b '^\\r\-)hdA 
Jr 

e h '^\\f(A)\\ ns \A\UA<™. 



Applying Theorem 2. 1 (case (iv)) to the function F^ v we conclude that F^ v = for every (li, v) e N" x N". Since 
{O^y : (p, v) e N" x N") form an orthonormal basis for L 2 (C") we conclude that / = almost everywhere. 

Now for the second part of the theorem first we consider the case p = q = oo. We recall that Morgan (see 
[15]) constructed enumerable examples of functions AonR such that 

h = 0(\t\ m e~ aW ) andl= 0(\A\ m ' e~ bW ) 

where m' e R and m = ^0^- ■ ■ 

We shall use these functions to construct required functions on H". We define a function / on H" as follows: 
f(z, t) = g(z)h(t), where g is a smooth function on C" with compact support and h is as above. Now it is easy to 
see from the Plancherel formula for the Weyl transform that 

(i) f = 0(\(z,t)\ m e- a ^°) 

(ii) 0(\A\"\\f(-)\\ HS ) = 0(\A\"' 2+m 'e- h ^). 

We choose m' < -| so that m = ^"f^ 2 < 0. Then / satisfies the required estimates in the case p = q - oo. For 
/? # oo and^ = oo we choose m! <-\ so that m < -Qn±R. If we choose m' < min{-^ + \ , -(2n+ l)@j- + %^}, 
then m < - (2 "^ 1) - With this choice of m' it is easy to see that / satisfies the required estimates with q ± oo and 
p e [1, oo]. □ 

4. Step two Nilpotent Lie Groups 

Let G be a step two connected simply connected nilpotent Lie group. Then its Lie algebra g has the decom- 
position g = o © 3, where 3 is the centre of g and is any subspace of g complementary to 3. We choose an inner 
product on g such that d and 3 are orthogonal. We fix an orthonormal basis S = {ei,e 2 --- ,e m ,Ti,--- , T k } so 
that d = span R {ei, e2 ■ ■ • , <?,„} and 3 = span R {7'i, • • • , 7^}. Since g is nilpotent the exponential map is an analytic 
diffeomorphism. We can identify G with v © 3 and write (X + T) for e\p(X + T) and denote it by (X, T) where 
X e v and T e 3. The product law on G is given by the Baker-Campbell-Hausdorff formula : 



(X, T)(X', T') = (X + X', T + T + ^[X,X'J) 



forallX.X' e and T, V e 3. 



4. 1 . Representations of step two nilpotent Lie groups. A complete account of representation theory for gen- 
eral connected simply connected nilpotent Lie groups can be found in [8]. Representations of step two connected 
simply connected nilpotent groups the Plancherel theorem is described in [17]. We briefly recall the basic facts 
to make this paper self contained. Let g*, 3* be the real dual of g and 3 respectively. For each v e 3* consider the 
bilinear form B v on defined by 

B V (X, Y) = v([X, Y]) for all X, Y e 0. 

Let 

x v — {X € d : v([X, Y]) = for all Y e u). 

Let Xj = a for 1 < i < m and X m+i = T, for 1 < i < k. Then & = {X u --- ,X m ,X m+u - ■ ■ ,X m+k ). Let S* = 
{X* v --- ,X* m ,X* m+v - ■ ■ ,X* m+k ) be the dual basis of S. Let m v be the orthogonal complement of x v inn. Thentheset 
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11 = {v e 3* : dim (rrt v ) is maximum) is a Zariski open subset of 3*. Since B v is an alternating bilinear form, v £ H 
has an even number of jump indices independent of v. The set of jump indices is denoted by S = {ji , 72 • • • , jin}- 
Let T = [n\,ri2, • ■ ■ , n r , m + 1, • • • , m + k] be the complement of S in {1, 2, • • • ,m,m + 1, • • ■ , m + A:}. Let 

V s = span R {X ; -,--- ,X j2n }, 

W = span R {X m+ i, • • • ,X m+k ,X n . : m e F) and V T = span R {X„, : n, e 71, 
VJ = span R {X; +1 , • • • : n, e F) and V* = span R {X; : m e 71. 

The irreducible unitary representations relevant to Plancherel measure are parametrized by the set A = Vj X 14. 

If there exist v e f such that B v is nondegenerate then we call the group, a step two nilpotent group with MW- 
condition or step two MW group. In this case T = {m + 1, • • • ,m + k] and K — {v e 3* : B v is nondegeneate). 
The irreducible unitary representations relevant to Plancherel measure will be parametrized by A = {v e 3* : 
By is nondegenerate). 

For 

we define its norm by 
The map 



(X, T) = exp( ]T xjXj + ]T tjX j+m ), Xj , tj e R, 
7=1 7=1 

\{X,T)\ = {x\ + ---+x 2 m + t\ + --- + t\) xl2 . 



m k 

(*!,••• ,x m ,h--- ,t k ) — > xjXj + X tjX j+m — > exp 

7=1 ;=i 



V;=l 7=1 

takes Lebesgue measure dx\ ■ ■ ■ dx m dt\ ■ ■ ■ dt k of R m+k to Haar measure on G. Any measurable function /onG 
will be identified with a function on W n+k . We identify g* with R m+ * with respect to the basis S* and introduce 
the Euclidean norm relative to this basis. 

4.1.1. Step two groups without MW-condition. In this case x v + {0} for each v e 14. Then B v | my is nondegenerate 
and hence dim m y is 2m. From the properties of an alternating bilinear form there exists an orthonormal basis 

{Xj(v), Y,(v), ■ ■ • ,X„(y), Y n (v),Zi(v), ■ ■ ■ ,Z r (v)} 

of v and positive numbers c/,(v) > such that 

(i) x v = span R (Zi(v), ■ ■ ■ ,Z r (v)}, 

(ii) v(K(v), F/y)]) = 6 u dj(v), 1 < 1,7 < n. 
We call the basis 

{Xi(y), • • • ,X„(y), F^y), • • • , 7,00, Zi(v), • • • ,Z r (v), T u - -, T k ] 

almost symplectic basis. Let f v = span R {Xi(v) • • • ,X n (v)} and r\ v = span R (Fi(v), • • • , F„(v)}. Then we have 
the decomposition g = £ v © ?7 V © r v 3. We denote the element exp(X + F + Z + F) of G by (X, F, Z, F) for 
X e g v ,Y e T] V ,Z e Xy, T e Further we can write 

(X, F, Z, 7-) = J] x/y)X/y) + £ y/y)F 7 (y) + £ z,-(v)Z,-(v) + f -Tj 
7=1 7=1 7=1 7=1 

and denote it by (x, y, z, t) suppressing the dependence of v which will be understood from the context. If we 
take A e A then it can be written as A = (p, v), where p e Vj = span R [X*. : 1 < i < r] and v e U. Therefore, 

r m 

A = (p, y) = 2 + 2 v,T* Let i' e g* such that A'(X jt ) = for 1 < i < In and the restriction of A' to V* T is 

i=l_ (=1 

/I = (/j, y). Let ;U, = /l'(Z(y)) and consider the map 

(4.1) A v :T T -> span {^(v)*, • • • ,Z r (y)*) 
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given by A v (//i, ■ • • ,fi r ) = (Jci,- ■ ■ ,Ji r ). Then it has been shown in [17] that [det/ A J = d ^y y J^ v y where J Av is the 
Jacobian matrix of A v and Pf(v) is the Pfaffian of v. Consider the map 

(4.2) D v : {X jU - ■ ■ ,X j2n } -» {^(v), • • • ,X n (v), Y x (v), Y n (v)} 

then it has been shown |det(//) v )| = |det(Xi v )l 1 m [17]. 

We take A = (p., v) e A. Using the almost symplectic basis we describe an irreducible unitary representation 
n^ Y of G realized on L 2 (tj v ) by the following action: 

k r n j 

(n^ix, y, z, t)cf>) (£) = exp(i vjtj + i pZjZj + i ^ dj{v){x£j + -Xjyj))^ + y) 

7=1 7=1 7=1 

for all e L 2 (r] v ). 

We define the Fourier transform of / € L l {G) by 

f(p, v) = I I I I /(x, y, z, O^wO, y, z> <£x <^y <fe * 

.73 JXy Ji]y 

for A = (p, v) e A. For p e r* , v e 3* we let 

/ v (x, y , z) = I exp(/ V vjtj) f{x, y, z, f) dt and 

Js 7=1 

/^ v (x, y) = I I exp(; ^ v/,- + ; ^ JijZj)f(x, y, z, t) dt dz. 

Jr v Ji j=l j=l 

If / e L 1 n L 2 (G) then /(/7, v) is an Hilbert-Schmidt operator and we have (see [17]) 

(4.3) (2nr n f]dj(v)\\f(M,v)\\ 2 HS = f f \f' v (x,y)\ 2 dxdy. 

j= i Jn, Jfv 

Now integrating both sides on Vj with respect to the usual Lebesgue measure on it and applying the transforma- 
tion given by the function A v in (4.1) we get 

(2^)- ( " +r) Pf(y) f \\f(p,v)\\l s dp = (2»r f f f \f' v (x,y)\ 2 dxdydp 
Jvt Jfi Jn v Jgy 



lr] v j r 

I 



\f v (x,y,z)\ 2 dxdydz 



\f v (x,y,z)\ z dxdydz. 
The Plancherel formula takes the following form: 

{2n) -(n+r + k) f ||/( /1>v )||2 s pf( v ) dAlrfv= f \f(x,y,z,t)\ 2 dxdydzdt 

J A JG 

which holds for all L 2 -functions by density argument. 



4. 1 .2. Step two MW groups. In this case the representations are parametrized by the Zariski open set A = {v e 
f : B v is nondegenerate) and is given by: 

k n ^ 

(7T v (x,y,t)<t>)(Z) = exp(ij^vjtj + ij^dj(v)(xjtj + -Xjyj))cf>(t + y) 



7=1 



for all (p e L 2 (r] v ). In this case Pf(v) = f]"=i dj(v). We define the Fourier transform of / e L l (G) by 

f(v)= I I I f(x,y,t)n v (x,y,t)dxdydt 

Ji Jtly J( v 
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for all v e A. We also define 



fix, y) = I exp(z' V Vjtj)fix, y, t) dx dy dt 
J a ,_i 



for all v e A. If / e L 1 n L 2 (G) then /(v) is an Hilbert-Schmidt operator and 

Pf(v)||/(y)||| s = (2w)» f f \f v (x,y)\ 2 dxdy = {2n) n f \f(x,y)\ 2 dx dy. 

jj]y Jgy JO 

The Plancherel formula takes the following form: 

(4.4) (2n)- (n+k) f ||/(v)||| s Pf(v)dv = f |/dj,()| 2 ^^* 

J a Jg 

which holds for all L 2 -functions by density argument. 

5. Beurling's and LP - L ? -Morgan' s theorem for step two Nilpotent Lie groups 
In what follows we will use the coordinates given by the following basis of g. 

> Xj„> Xj„+i > ' ' ' 'XjfriXnit ' ' ' >^« r >^m+l> " " " >Xm+k\- 

Precisely 

n n r k 

ix, y, Z,t) = J] x i x h + X yiX ^> + ZiXn > + Yj 1 

i=\ >=1 i=l i=l 

We shall first take up the following analogue of Beurling's theorem for step two nilpotent groups. 
Theorem 5.1. Suppose f e L 2 (G) and for some M, N > 0, it satisfies 

|/(x,y,z,f)lll/(^,v)|| ffi . e l z IW + l*l 



f f- 

Ja Jo i 



)AJ a ii + \ix,y)\) M ii + \iz,t)\ + \iM,y)\) N 

x|P/(v)| dx dy dz dt dp dv < oo. 

Then 

fix,y, z,t) 



(l+|(x,y)|) M 



2 Vrd.x,y)z y t 
\M+\s\<i 



e -a(\z\ 2 +\t\ 2 ) 



where ^fyj e L 2 (Vs) and I is an nonnegative integer. 

Proof. As in the case of R" we can verify that / is integrable in (z, t) for almost every x, y. For each Schwartz 
function O on Vs let us consider the function F® defined by 



F<s,iz, t) 



- j 

Jv 



It follows that 



For all (p, , v) € V* X <U 



where 



f(x,y,z,t)(\ + \(x,y)\r M ®(x,y)dxdy. 

Vs 

|F*(z,f)l<C f \f(x,y,z,t)\dxdy. 

JVs 

Fl{p, V )= f f v ix,y)i\ + \ix,y)\r M M^y)dxdy 
Jv s 

f^(x, y) = f e^ z)+m fix, y, z, t) dz dt. 
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Using Cauchy-Schwarz inequality, we get 

|f*(/i,v)| 



< C 



JVs 



y)\ dx dy 



1/2 



f f e^ z) f(x,y,z)dz 

JVs \Jv T 



2 y/2 

dxdy 



Writing down the above integral with respect to almost symplectic basis we have 

l^,v)| 



Ml 



\r v {x{v\y(vWdx(v)dy( 



v)) 



(2n) 



-n/2 



\\dj{v) 



\l/2 



V 7=1 



Therefore, 



ii/0u,v)Hhs. 



r r ^(zjw^v)^™^ 

Ja he, (1 + | (z> | + y) |yv (1 + fi d ( V) ) 

i=l 

x|Pf(v)| dz dt dp dv 
< c f f \f(x,y,zj)\\\mv)\\me w+m 
Ja Jvw.es (1 + lfcy)|) M (1 + \(z, t)\ + \(m, v)\f 
x|Pf(v)| dx dy dz dt dp dv 

f r \f(x,y,z,t)\\\f(M,v)\\„ s e»^ 
J a J a (l + \(x,y)\) M (l+\(z,t) + 10/,! 



x|Pf(v)| dx dy dz dt dpi dv 

< oo. 



Since U is a set of full measure on 3*, and Pf(v), Yl djiy) are polynomial in v using Theorem 2.3 we have for 



each Schwartz function <$ 
where a(O) > and 



Fo(z,0 = Po(z,0^ fl(O)lfc012 



|y|+|<5|<m 



and m is independent of O. It is easy to see that a(O) = a is independent of O. Finally choosing <S> a from the 
orthonormal basis {® a (x,y) : a e N 2 "} for L 2 (Vs) we can show as in the proof of Theorem 3.1 that 



f(x,y,z,t) = (1 + \(x,y)\) 



M 



2 <F yjtf (jc,y) Z V 

\\y\+\S\<m 



,-a\(z,t)\ 2 



where ¥ y>t5 e L 2 (V S ). a 

Consequences of Beurling's theorem: Let us note the following consequences of Beurling's theorem. 

Theorem 5.2. (Morgan's theorem, weak version) Let f be a measurable function G. suppose for some a,b > 0, 
a > 2, ft > 

(i) \f(x,y,z,t)\ < Ce- fl|(w -' r 



(ii) |P/(v)| 1/2 ||/0u,v)l| H 5<C e *)l" 
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where 1/a + 1//3 = 1 and (aa)^ a (b/3) 1 ^ > 1. Then f — almost everywhere unless a = /3 = 2 and ab — 1/4 in 
which case f(x,y,z,t) = ^(x, y)<T a|fc ° |2 for some if/ e L 2 (V S ) and \</f(x,y)\ < Ce - " 1 ^ 2 . 

Proof. It is clear from the hypothesis that / e L 2 (G). Since a > 2 we have |(x,y,z,f)r > |(jc,y)| a ' + \(z,t)\ a . 
Therefore from hypothesis (i) we get \f(x,y,z, 01 < Ce~ a ^ x ' y ^° e~ a ^ z ''^" . Now the theorem can be obtained from 
Theorem 5.1 by applying the inequality \g\ a /a + \r]f//3 > \^rj\ and using the fact e~ a ^ x ' y ^° e ^(Vs). □ 

In the proof above we have used the fact that a > 2 to split the function g-^tw-OI" as a product of a function 
in L l (Vs) and e~ fl|(z - f)| ° '. This motivates us to formulate the following version of Morgan's theorem. 

Theorem 5.3. Let f e L 2 (G). Suppose for some a, b > 0, a, [5 > 

(i) |/(jc,y,z,0l < g(x,y)e- a ^\ g e L\V S ) 

(ii) \Pf(v)\ 1/2 \\f(fi,v)\\Hs<Ce- h ^ 

where l/a + 1//J = 1 and ^''"(fcjS) 1 '^ > 1. 77;en / = almost everywhere unless a = f3 — 2 and ab - 1/4 in 
which case f(x,y,z, t) = if/(x,y)e~ a ^ z,t ^ for some i// e L 2 (Vs) and \if/(x,y)\ < g(x,y). 

Theorem 5.4. (Cowling-Price) Suppose /eL'fl L 2 (G) and it satisfies the following conditions. 

(i) / e H(w,0l 2 |y (X; y t Zj t) \P dx dy dzdt< co and 
c 

(ii) J A e b "^ 2 \\f(jx, v)\\ q HS \PAv)\ dfi dv < oo. 

Then for ab > 1/4 and min{p, q) < oo, f = almost everywhere. 

Proof. Using Holder's inequality we can find M, N > such that 

(0' J^vvea (H^tefe'V dx ^ dzdt< °° and 

0'0'/ A ^^|Pf(v)l^^<cx 5 . 
Therefore using Theorem 5.1 we can conclude that / = almost everywhere when ab > 1/4 and min{p,q} < 

CO. □ 

Theorem 5.5. (Hardy's theorem) Suppose f is a measurable function on G which satisfies the following condi- 
tions: 

(i) \f(x,y,z, 01 < g(x,y)(l + \(z, 0l) m <T a|fcol \ w/zere geL'n L 2 (V S ) and 

(ii) |Pf(v)| 1/2 ||f(^,v)ll«s < (1 + |0i,v)|)"V*>l 2 . 

T/zen / = almost everywhere if ab > 1/4 and if ab = 1/4 then f(x,y,z,t) = P{x,y,z,f)e~ a<[{z ' ,}<[ ~, where 



P(x, y,z,t) = \ Z 4>a,s{x, y)z s t a and ifr a , s e L 2 (V S ) 

\\a\+\6\<m I 

We omit the proof which is a straight forward application of the theorem above. 

Sharpness of the estimate in Beurling's theorem: We will show that the condition used in Beurling's the- 
orem is optimal. For the sake of simplicity we consider the Heisenberg group H". We suppose a function 
/ € L l L 2 (H") satisfies 

(5.1) r . 77 \A \ dA dz dt < oo 

Jw Jr (1 + \z\) M (1 + \t\ + \A\f 

for some c > 0. 

(i) If c > 1, then / satisfies the hypothesis of Theorem 3.1 and hence f(z,t) = g(z)e~ a ' 2 for some 
g e L 1 L 2 (C n ) and a > 0. Since by the Plancherel theorem (3.3) \\f(X)\\ m = (2n)" l2 \A\- nl2 \\g\\ 2 e-^ Al , it 
is easy to see that / cannot satisfy (5.1) unless / = almost everywhere. 
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(ii) Now we suppose c < 1. We choose a,b > such that ab = c 2 and we construct the function f(z, t) = 
g(z)P(t)e- a '\ where g e L l |"| L 2 (C") and P is a polynomial of any degree. Then / will satisfy (5.1). 
Clearly for fixed z e C" these functions are linearly independent in the variable /. 
We shall now prove an exact analogue of LP - L 9 -Morgan's theorem for step two nilpotent Lie groups. 

Theorem 5.6. Let f e L 2 (G). Suppose for some a, b > 0, a > 2,/3 > 

(i) f c e paKx - y ' z '' r \f(x,y,z, t)\ p dv dt < oo and 

(ii) f A e«»^\\f(M, v)\\ q HS \Pf{v)\ dp dv < oo, 

where 1/or+l/jS = 1 andp,q e [l,oo]. Then f = almost everywhere whenever (aa) l ^ a (b/3) 1 ^ > (sin ^(fi-l)) 1 ^. 

Proof. As in the case of W we see that / e L l (G). We note that it is sufficient to consider the case p = q = 1 as in 

n 

the case of Heisenberg groups. Since f] dj(v), Pf(v) are polynomials in v, for any V < b, applying Minkowski's 

7=1 

integral inequality with respect to the measures dx dy and dp e*' |v|/> |Pf(v)|c/v we get 

2 \V2 



X (X lf "' V(x ' y)leh ' lvf dii \ pf ^ dv ) dx d y] 
X eb>f (X lf ' V(x ' y)l2 dx dy ) ' dM lPf(v)ld 

C e b'\(u,v)fl C 
J A \Jv. 



,|2 



\r- v {x,y)\ z dxdy\ dp\Pf(v)\dv 

V S 



1 n V' z 

C [ e h '^\\f(p,v)\\ m fjrf/v) dp\Pf(v)\dv 
£e b ^\\f(p, v)\\ HS \Pf (v)\dpdv 



< oo. 

This implies that for almost every (x, y) e Vs 

(5.2) j e^lf^ix^Wfiv^dpdvKoo. 

Since A = U x V* , it follows that 

(5.3) f e A ' |v|/ '|/''' v (x,3;)||Pf(v)|d/v<oo 



for almost every (x,y) e Vs and p e V* T . From the hypothesis (i) with p = 1, it is easy to see that for almost every 
(x,y)e V s 

e fl|fc,)r |/(x,y,z,f)l dzdr < oo. 



J, Jv T 



Therefore for almost every (x, y) e V s 

(5.4) fe aW °\f(x,y,t)\dt 

J} 

< f f e a](z -' r f(x,y,z,t)dzdt 
J} Jv T 

< oo 

where f p (x,y, t) = §~ e^ z) f(x,y,z, t) dz. 

As 1/ is a set of full measure, we can now apply Theorem 2.4 to the function f(x,y, t) to conclude that for 
almost every (x,y) e V s , f(x,y,z,t) = whenever (aa) 1,a (6' J 8) 1 * > (sin f 08 - l)) 1//s . Since given a,b > 
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with (aa) lla (bP) 1/fl > (sin § (J3 - l)) 1//s , it is always possible to choose V < b satisfying (aa) l/a (b '/3) l/fl > 
(sin - l)) 1 ^, the theorem follows. □ 

Remark 5.7. 

(1) The Gelfand-Shilov theorem and the Morgan's theorem (in their sharpest forms) are particular cases of 
Theorem 5.6 (p = q = 1 and p - q - oo respectively) and thus are accommodated in that theorem. 

(2) In Theorem 3.2 we have seen example of functions which satisfy the hypothesis with {aa) lla {bP) 11 ^ = 
(sin - l)) 1//? in the case of H n . Similar construction can be carried out in this case also. 

(3) All the theorems proved above for step two groups without MW condition can be formulated and proved 
for step two MW groups with obvious and routine modifications. 



6. Concluding Remarks 

There are a few attempts (see [ 14, 4, 5]) in recent times to prove theorems of this genre for general nilpotent Lie 
groups. The basic step in these works is to build a new function on the central variable satisfying the equivalent 
conditions. But in the process the sharpness of the result is lost and hence it is not possible to get the case of 
optimality. It is unlikely that the method pursued in those papers will generalize to the case of all nilpotent Lie 
groups since the explicit formula for ||/(/1)||hs is crucial in the proof of Beurling's theorem, which is unavailable 
in this generality. We refer to the remark in [14, p. 493] in this context. Our aim in this paper is to get the 
analogues of these two theorems discussed above which can accommodate the case of optimality and without 
any restriction on (p, q) and (a,/3). This is the reason we restrict ourselves to the step two nilpotent Lie groups. 

We conclude the paper with a brief discussion on comparison with the existing results of this genre. Beurling's 
theorem, i.e. analogues of Theorem 1.2 is not considered so far for any nilpotent Lie groups. In [5] an analogue 
of Theorem 1.1 is proved for the special class of nilpotent Lie groups of the form R" x R. In [16] a version 
of Theorem 1 . 1 is formulated for stratified step two nilpotent Lie groups where the estimate involves the matrix 
coefficients of the Fourier transform, instead of the operator valued Fourier transform, which seems to be more 
restrictive. None of these theorems accommodated the optimal case of Beurling's theorem. In contrast our 
theorem takes care of the optimal case and is also a suitable version to get back the other QUP-results in full 
generality in the context of step two nilpotent groups. 

A version of the LP - L q Morgan's theorem is proved in [6] only for Heisenberg groups. 

As mentioned in the introduction, other theorems of this genre which follow from either Beurling's or LP -L q - 
Morgan's theorem were proved independently by many authors in nilpotent Lie groups. Nevertheless none of 
these works dealt with the characterization of the optimal case. There are also some other restrictions on the 
hypothesis. For instance in [17] Ray proved the Cowling-Price theorem for step two nilpotent Lie groups without 
MW-conditions with the assumption 1 < p < co,q > 2 and ab > 1/4. This result is generalized in [4] for any 
nilpotent Lie group with the restriction 2 < p, q < oo and ab > 1/4. As shown above we can have the Cowling- 
Price theorem with the original condition 1 < p, q < oo and ab > 1 /4 as a consequence of Beurling's theorem. 

In [17] Ray also proved a version of Morgan's theorem which is similar to Theorem 5.3 (in fact slightly 
weaker than Theorem 5.3) and again can be obtained as a consequence of Beurling's theorem. We recall that 
only a weak version of Morgan's theorem follows from Beurling's theorem, while the actual Morgan's theorem 
follows from LP - L ? -Morgan's theorem (see Remark 5.7). In [1] Astengo et. al. proved a version of Hardy's 
theorem where they put condition on the operator norm of the Fourier transform, instead of the usual pointwise 
estimate. We note that only by a slight modification of our proof, a Beurling's theorem can be obtained where 
Hilbert-Schmidt norm of the Fourier transform is replaced by its operator norm. (We formulated the theorem 
using Hilbert-Schmidt because it appears to be more natural.) As a consequence we can get the theorem in [1]. 

Recently an analogue of Beurling's theorem is proved for Riemannian symmetric spaces in [18]. Due to 
the structural difference, the statement as well as the method of proving the theorem is different and it involves 
decomposing the statement in /f-types and treating each component separately. 

We summarize our aim in this paper as to obtain the most natural analogue of Beurling's and LP -L q Morgan's 
theorem for step two nilpotent groups which can accommodate the optimal case and from which we can get back 
the strongest version of the other theorems in this genre as consequences. 
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